Each Gr-category (or categorical group) is Gr-equivalent to a Grcategory of type (Π, A, ξ), where Π is a group, A is a Π-module and ξ is a 3-cocycle of Π, with coefficients in A. In this paper, first we show that each Gr-functor induces one between Gr-categories of type (Π, C). Then we give results on the existence of Gr-functor and the classification of Gr-functors by cohomology groups H 2
Introduction and Preliminaries

Introduction
Concepts of Gr-categories (or categorical groups) and results of its structure relate closely to the group extension problem and the group cohomology theory (see [12] ).
Analogous results on Ann-categories, the ring extension problem and the Mac Lane -Shukla ring cohomology theory have been studied in [7] , [9] , and recently in [2] . Each Gr-category is Gr-equivalent to its reduced Gr-category. That is Grcategory of type (Π, A, ξ), where Π is a group, A is a Π-module and ξ is a 3-cocycle of Π, with coefficients in A. This result has been applied and extended in a wide range of recent papers on monoidal categories such as [4] . Some problems on Gr-functors need studying more deeply. In this paper, we first present the description of Gr-functors of reduced Gr-categories, the existence conditon and the classification of Gr-functors as well as the relationship between Gr-functors and the group extension problem. Theorem 11, 12 are the same type as anologous results on Ann-functors, which were presented by the author in [8] . The second main result of this paper is the equivalence between an arbitrary Gr-category and a strict one. The anologous problem of monoidal categories has been solved in many different ways (see [3] , [5] , [10] , [11] , ...). For our problem, there is a quite careful proof presented in [13] . Here, we present a new proof based on the obstruction theory of the group extension problem.
Elementary concepts
We start with some elementary concepts of monoidal categories.
A monoidal category (C, ⊗, I, a, l, r) is a category C which is equipped with a tensor product ⊗ : C × C → C; with an object I, called the unit of the category; together with following natural isomorphisms A monoidal category is strict if the associativity and unitivity constraints a, l, r are all identities.
Let C = (C, ⊗, I, a, l, r) and D = (D, ⊗, I ′ , a ′ , l ′ , r ′ ) be monoidal categories. A monoidal functor from C to D is a triple (F, F ,F ) where F : C → D is a functor,F is an isomorphism from I ′ to F I, and F is a natural isomorphism
satisfying following diagrams
commute, for all pairs (A, B) of objects in C.
A monoidal natural isomorphism is a monoidal transformation as well as a natural isomorphism.
A monoidal equivalence between monoidal categories is a monoidal functor F : C → D such that there exists a monoidal functor G : D → C and monoidal natural isomorphisms α : G.F → id C and β : F.G → id D .
C and D are monoidal equivalent if there exists a monoidal equivalence between them.
2 The structure conversion of categories Lemma 1. Let F : C → D be an equivalence of categories and G : D → C be a quasi-inverse of F. Then, we can choose natural isomorphisms α : GF ≃ id C and β : F G ≃ id D such that
Lemma 2. Let (F, F ) : C → D be an ⊗-equivalence of tensor categories and (F, G, α, β) is a quadruple satisfying Lemma 1. Then, there exists the natural isomorphism
such that (G, G) is a ⊗-functor and α, β are natural tensor transformations.
Proof. We first define the natural isomorphism
for all pairs (X, Y ) of objects of D. Assume that we have had the satisfied natural isomorphism G, then in the following diagram
the region (1) commutes by the definition of F G. Clearly, that β is a ⊗-transformation iff the region (2) commutes. That happens iff the outside region commutes. Therefore, we choose G such that F ( G) makes the outside region commute. Since F is faithful, the definition is correct. Finally, α is a ⊗-transformation thanks to the naturality of β.
With the quadruple (F, G, α, β) mentioned in Lemma 1, we may construct the structure conversion from D to C. Assume that ⊗ is the tensor product in D, then, C could be equipped with a tensor product defined by
for all pairs (U, V ) of objects and all pairs (u, v) of morphisms in C. For this tensor product, F, G become tensor functors with natural tensor transformations F , G defined as follows
If D has the unitivity constraint (I ′ , l ′ , r ′ ), one can define an unitivity constraint (I, l, r) of C by the following commutative diagrams, where
It is not the same as the unitivity constraint, the associativity constraint a of C induced by the associativity constraint a ′ of D only depends on the ⊗-functor (F, F ) as in the following commutative diagram
Theorem 3. Let F : C → D be an equivalence of categories and (F, G, α, β) be the quadruple satisfying Lemma 1. Assume that there is a monoidal structure (⊗, a ′ , I ′ , l ′ , r ′ ) on D. In addition, the induced monoidal structure of C has the unitivity constraint (I, l, r) and F is the natural isomorphism such that (F, F ) is compatible with the unitivity constraints of C and D. Then C is a monoidal category. In particular, we can define the natural isomorphism F by (2.3) and the unitivity constraint (I, l, r) by (2.4a) and (2.4b).
Proof. The condition (1.2) is equivalent to the commutativity of two following diagrams
In order to prove that diagram (2.6a) commutes, we consider the following diagram. In this diagram, regions (1), (4) commute thanks to the compatibility of (F, F ) with unitivity constraints, the region (2) obviously commutes, regions (3), (5), (8) commute thanks to, respectively, the naturality of a ′ , F , l ′ . Since D is a monoidal category, the region (6) commutes, the region (7) commutes by the definition of a. Then, the outside region also commutes. It follows the commutativity of the diagram (2.6a).
The commutativity of the diagram (2.6b) is similarly proved.
Reduced Gr-categories and canonical equivalences
In this section, we recall some results in [12] . A Gr-category (or a categorical group) C is a monoidal category whose objects all have inverses and whose morphisms are all isomorphisms, i.e., the ground category is a groupoid. Let C be a Gr-category. Then let Π 0 ( C) denote the set of isomorphism classes of objects of C and Π 1 (C) denote the monoid Aut(I) of endomorphisms of I. It is easy to see that Π 0 ( C) is a group for the operation induced by the tensor product in C and Π 1 (C) is a commutative group with the operation, denoted by +, induced by the composition of morphisms.
where δ A , γ A are defined by the following commutative diagrams
The reduced Gr-category S of a Gr-category C is the category whose objects are elements of Π 0 (C) and whose morphisms are automorphisms of the form (s, u) where s ∈ Π 0 (C), u ∈ Π 1 (C). The composition of two morphisms is induced by the addition in Π 1 (C) as follows
For each s = X ∈ Π 0 (C), we choose a representative X s ∈ C and for each X ∈ s, we choose an isomorphism i X : X s → X such that i Xs = id. The family (X s , i X ) is called a stick of Gr-category C. For any (X s , i X ), we obtain two functors
Functors G and H are equivalences of categories since the natural transformations
are natural isomorphisms. They are canonical equivalences. With the conversion given by the quadruple (G, H, α, β), we can equip S with a tensor product defined by
Moreover, functors G, H together with natural transformations
are ⊗-functors. In addition, the pair of the induced unitivity constraint in S is (id, id) and the induced associativity constraint in S is a normalized 3-cocycle ξ of Π 0 (C) with coefficients in Π 0 (C)-module Π 1 (C). The Gr-category S is called a reduction of Gr-category. We also call S of type (Π, A, ξ) or simply (Π, A) when replacing Π 0 (C), Π 1 (C), respectively, with groups Π and Π-module A.
Gr-functors
Now we present a new result on Gr-functors of Gr-categoris of type (Π, A). Let us recall the following result.
functor which is compatible with the associativity constraints, then it is also compatible with unitivity ones.
This result leads to the following definition
Definition. Let C and D be Gr-categories. A ⊗-functor (F, F ) : C → D which is compatible with sociativity constraints is a Gr-functor.
By the canonical equivalences G, H, any of Gr-functor from C to D induces a corresponding one on reduced Gr-categories. This event makes us specially interest in only Gr-functors between Gr-categories of type (Π, A).
Theorem 6.
[12] Let (F, F ) : C → D be a Gr-functor. Then (F, F ) induces the pair of group homomorphisms
The pair (F 0 , F 1 ) is the pair of induced homomorphisms of the Gr-functor (F, F ). Let S, S ′ be, respectively, the reduced Gr-categories of Gr-categories C, C ′ . Then, the functor F : S → S ′ given by
is the functor induced by (F, F ) on reduced Gr-categories. We now prove a property of this functor. In order to prove this theorem, we need the two following lemmas.
Lemma 8. Given two ⊗-categories C, D with, respectively, unitivity constraints (I, l, r) and (I ′ , l ′ , r ′ ). Let (F, F ) : C → D be a ⊗-functor which is compatible with unitivity constraints. Then, the following diagram
commutes, whereF is the isomorphism induced by (F, F ).
Proof. It is clear that γ I ′ (u) = u. Moreover, the family (γ A ′ (u)), A ′ ∈ D is an automorphism of the identity functor id D . So the above diagram commutes.
Lemma 9. If the assumption of the above lemma holds, we have
Proof. Consider the following diagram
In the diagram, regions (4), (5) commute thanks to the compatibility of the functor (F, F ) with the unitivity constraints. The region (3) commutes thanks to the definition of γ A (image through F ), the region (1) commutes by Lemma 8. The region (2) commutes due to the naturality of the isomorphism F . Therefore, the outside region commutes, i.e.,
The proof of Theorem 7. Set K = G ′ F H. It is easy to verify that K = F . For any morphism u : I → I, we have
According to Lemma 9, we have F γ As (u) = γ F As (γ −1
F I F u).
On the other hand, since the family (γ A ′ ) is the natural equivalence of the identity functor id C ′ , the following diagram
F I F u . Owing to the definition of H ′ we derive
We now give a necessary condition for Gr-functors.
be Gr-categories and (F, F ) be a Gr-functor from S to S ′ . Then, the map F : Π → Π ′ is a group homomorphism and the map F : Aut(x) → Aut(F x) induces a group homomorphism f : A → A ′ which is independent of x ∈ Π. Furthermore, f is a Π-module homomorphism when A ′ is regarded as a Π-module by the action xa ′ = F (x)a ′ (x ∈ Π, a ′ ∈ A ′ ).
Proof. For x, y ∈ Π, F x,y : F x ⊗ F y → F (x ⊗ y) is a morphism in S ′ . It follows that F x. F y = F (xy), i.e., F is a group homomorphism on objects.
Denote F x,y = (F (xy), g(x, y)) : F x.F y → F (xy), where g : Π 2 → A ′ is a function and F (x, a) = (F x, f x (a)). Since F is a functor, we have
So f x : A → A ′ is a group homomorphism for each x ∈ Π. On the other hand, since (F, F ) is a ⊗-functor, the following diagram
commutes for all u = (x, a), v = (y, b). Hence, we have
Applying the relation (4.2) for x = 1, we get f y (a) = f 1 (a). Thus, f y = f 1 for all y ∈ Π. Set f y = f and use (4.2) we obtain
If we regard Π ′ -module A ′ as a Π-module by the action xa ′ = F (x).a ′ then from (4.1), (4.3) it results f : A → A ′ is a homomorphism of Π-modules.
Now we find the sufficient condition to turn a good functor into a Grfunctor.
Notice that if
commutes, it implies
Since F is a function whose values in the abelian group A ′ ,
is a 3-coboundary of the group Π with coefficients in the Π-module A ′ . Therefore, ξ ′ * − ξ * = 0 in H 3 (Π, A ′ ).
(b) Conversely, by the equality ξ ′ * − ξ * = 0, there exists a 2-cocyle g ∈ Z 2 (Π, A ′ ) such that ξ ′ * − ξ * = δg. Set F x,y = g(x, y) we may verify that (F, F ) is a Gr-functor.
Consider the case in which there exists a regular Gr-functor, we obtain the following result.
Theorem 12.
1. There is a bijection between the set of congruence classes of regular Gr-functors induced by the good functor F and the cohomology group H 2 (Π, A ′ ) of the group Π with coefficients in the Π-module A ′ .
If
is also a regular Gr-functor induced by the good functor F and α : F → G is a natural Gr-transformation, then for all x, y ∈ Π the following diagram
Gx.Gy
commutes. From the definition of the tensor product of the category (Π ′ , A ′ ), we get α x ⊗ α y = α x + F x.α y .
It follows that xα y − α xy + α x = F − G.
Since F = g, G = g ′ are 2-cocyles and α is an 1-cochain, it implies
The equality (4.4) leads to the existence of a correspondence between the set of congruence classes of regular Gr-functors (F, F ) and the cohomology class g + B 2 (Π, A ′ ), where g = F . In addition, it is easy to verify that the correspondence is a bijective.
be a Gr-functor and α ∈ Aut(F ). Then, the equality (4.4) implies δα = 0, i.e., α ∈ Z 1 (Π, A ′ ).
The relationship between Gr-categories and the group extension problem
Let G, Π be groups, where G is not necessarily abelian; For convenience, we write the operation in G as +. Consider the group extension
Then, there exists a group homomorphism
We identify the group G with its image χG in B. For each representatives u(x) ∈ B, σu(x) = x, u(1) = 0 the exact sequence (*) induces the map
where f (x, y) ∈ G and µ c is the inner automorphism generated by c of G. Now we lift ϕ up to a Gr-functor. First, we regard the group Π as a Gr-categogy of type (Π, 0, id). For the given group G, we construct a Grcategory Au G whose objects are elements of AutG. For objects α, β of Au G , we set Hom(α, β) = {c ∈ G|α = µ c • β}.
For morphisms α : c → β; d : β → γ of Au G , the composition of them defined by d • c = d + c (the addition in G). Then, the category Au G is a strict Gr-category with the tensor product defined as follows
This is always satisfied in the extension (*), so (ϕ, f ) is a Gr-functor. Conversely, if (ϕ, ϕ) : (Π, 0, id) → Au G is a Gr-functor then the equality (5.1) holds for ϕ x,y = f (x, y). Then, there exists a cross product extension B 0 (G, ϕ, f, Π) of G by Π. In general, we have the following result Proposition 13. Let Π, G be groups. There is an extension of G by Π iff there exists a Gr-functor from (Π, 0, id) to Au G . 6 The equivalence between a Gr-category and a strict one
Using the obstruction theory of the group extension problem of Mac Lane [6] and reduced Gr-categories of type (Π, G), we will prove the following theorem Theorem 14. Any Gr-category is Gr-equivalent to a strict one.
In order to prove this theorem, we need the following lemmas Lemma 15. Let C ′ is a strict Gr-category whose the reduced Gr-category be S ′ = (Π ′ , C ′ , ξ ′ ). Then, for any group homomorphism ψ : Π → Π ′ , there exists a strict Gr-category C and a Gr-functor (F, F ) : C → C ′ inducing the group isomorphisms
Proof. We construct the strict Gr-category C as follows
Define the tensor product on objects and morphisms of C by
The unity of C is (1, I) where I is the unity of C ′ . Readers may easily verify that the category C is strict. Moreover, we have the following isomorphisms
and a Gr-functor (F, F ) where the functor F : C → C ′ is given by F (x, X) = X, F (x, u) = u and F = id. Besides, if F = (F 0 , F 1 ) is the functor induced by (F, F ) on the reduced categories S, S ′ , we have
This means F 0 = ψ.λ and F 1 = ρ. Now assume that ξ is the associativity constraint of S. Let (φ, φ) denote the Gr-functor from S to S ′ determined by the composition
From the Theorem 7, we have φ = F . With the equality φ(x, X) = F 0 (x, X) = ψ(x), the compatibility of (φ, φ) with ξ, ξ ′ makes the following diagram commute. Since φ(•, ξ x,y,z ) = F 1 (•, ξ x,y,z ) = ξ x,y,z , we deduce the equality
Therefore, we have ξ = ψ * ξ ′ .
Lemma 16. Let (Π, G, ψ) be abstract kernel and ξ ∈ H 3 (Π, Z(G)) be its obstruction. Let S ′ = (Π ′ , C ′ , ξ ′ ) be the reduced Gr-category of the strict one Au G . Then, ψ * ξ ′ belongs to the cohomology class of ξ.
Proof. From the definition of the category Au G , we have
where C = Z(G). We must prove that ψ * ζ ′ = ζ. Indeed, let (H, H) be a canonical Gr-equivalence from S ′ to Au G . Then, the diagram commutes for all r, s, t ∈ Π ′ . Since Au G is strict, we have γ r (u) = u, ∀r ∈ Au G , ∀u ∈ Z(G) = C.
Together with the definition of H, we obtain H(•, c) = c, ∀c ∈ C. The fact that the diagram (6.2) commutes gives us H r (g s,t ) + g r,st = −ζ is a morphism in Au G , for all x, y ∈ Π, we have ϕ(x)ϕ(y) = Hψ(x)Hψ(y) = µ f (x,y) Hψ(xy) = µ f (x,y) ϕ(xy) where f (x, y) = H ψ(x),ψ(y) . So the pair (ϕ, f ) is a factor set of the abstract kernel (Π, G, ψ). So, there is an obstruction k(x, y, z) ∈ C = Z(G) satisfying ϕ(x)[f (y, z)] + f (x, yz) = k(x, y, z) + f (x, y) + f (xy, z).
From the supposition, k = ζ. For r = ψ(x), s = ψ(y), t = ψ(z) the equality (6.3) becomes ϕ(x)[f (y, z)] + f (x, yz) = −(ψ * ζ ′ )(x, y, z) + f (x, y) + f (xy, z)
The proof of Theorem 14. Let A be a Gr-category whose the reduced Gr-category is I = (Π, C, ξ), then A ≃ I = (Π, C, ξ), where ξ ∈ H 3 (Π, C). According to Theorem 9.2 [6, Section IV], there exists the group G whose center is Z(G) = C and the homomorphism ψ : Π → AutG/IntG. Moreover, ψ induces a Π-module structure in C and ξ is the obstruction of the abstract kernel (Π, G, ψ). This means that with ϕ(x) ∈ ψ(x) satisfying ϕ(1) = id G , the Π-module structure of C is given by x.c = ϕ(x)c for x ∈ Π, c ∈ C.
Let's consider the strict Gr-category Au G and let S ′ = (Π ′ , C ′ , ξ ′ ) be its reduced Gr-category. According to Lemma 16,
Applying Lemma 15 to the homomorphism ψ : Π → Π ′ = AutG/IntG and the strict Gr-category C ′ = Au G , there exists a strict Gr-category C whose reduced category is S = (Π 0 (C), Π 1 (C), η) satisfying
Therefore, categories S and I are Gr-equivalent, so are C and A. This completes the proof. In addition to the above proof, readers may find a different proof of Theorem 14 in [13] .
